Abstract. We study a relationship between the ultraproduct of a crossed product von Neumann algebra and the crossed product of an ultraproduct von Neumann algebra. As an application, the continuous core of an ultraproduct von Neumann algebra is described.
Introduction
Ultraproduct technique is utilized by many researchers for settling problems concerned with classification theory of C * -algebras or von Neumann algebras. Among them, Connes' study of automorphism analysis is remarkable. He used central sequence von Neumann algebras in an effective way to classify outer automorphisms on an injective type II 1 factor. Since then, classification of group actions on injective factors has been one of the main topics in theory of operator algebra, and we now have a complete classification for amenable discrete group actions on them [2, 4, 5, 6, 13] . See [10] for a unified and direct proof.
For continuous groups such as R, however, we have to say classification of their actions on injective factors is far from being complete. The main difficulty is that continuous group actions do not continuously extend to ultraproduct von Neumann algebras. This leads us to the notion of equicontinuity of norm bounded sequences that is introduced by Kishimoto [8] . Then an equicontinuous part of an ultraproduct von Neumann algebra could be small in general, but this could provide us with remedy for study of continuous group actions.
The aim of this paper is to describe a crossed products of an equicontinuous part of an ultraproduct von Neumann algebra. The main theorem states the crossed product coincides with the equicontinuous part of the ultraproduct of the crossed product von Neumann algebra with respect to the dual action. Then we obtain the continuous crossed product decomposition of a type III ultraproduct von Neumann algebra. This decomposition also gives us a characterization of fullness of a type III 1 factor in terms of its continuous core.
Preliminary
2.1. Ultraproduct. Our references are [1, 13] . In this paper, we denote by ω a fixed free ultrafilter on N = {1, 2, . . . }. By M, we always denote a von Neumann algebra with separable predual. The automorphism group of a von Neumann algebra N is denoted by Aut(N), and the center of N is by Z(N).
Denote by ℓ ∞ (M) the unital C * -algebra which consists of all norm bounded sequences (
is said to be ω-trivial when x ν converges to 0 in the strong * topology as ν → ω. By I ω (M), we denote the set of all ω-trivial sequences. It is known that I ω (M) is a C * -subalgebra of ℓ ∞ (M), but it is not an ideal when M is infinite. Hence we consider its normalizer M ω (M) defined by
Then the quotient C * -algebra
is in fact a W * -algebra that is called an ultraproduct von Neumann algebra. We denote by (x ν ) ω the equivalence class (
. Note that M is regarded as a von Neumann subalgebra of M ω by mapping x ∈ M to its constant sequence (x, x, . . . ) ω =: x ω . Since the norm unit ball of M is σ-weakly compact, each (x ν ) ∈ ℓ ∞ (M) has the σ-weak ultralimit lim ν→ω x ν . This gives us a well-defined map
is said to be ω-central if x ν ϕ − ϕx ν ∈ M * converges to 0 in norm as ν → ω for all ϕ ∈ M * , where we use the usual notation aϕ(x) := ϕ(xa) and ϕa(x) := ϕ(ax) for a, x ∈ M and ϕ ∈ M * . Then C ω (M), the set of all ω-central sequences, is a unital C * -subalgebra of ℓ ∞ (M) and contains I ω (M). We denote by M ω the quotient C * -algebra C ω (M)/I ω (M) that is a W * -subalgebra of M ω . We will call M ω the asymptotic centralizer of M.
2.2.
Action and crossed product. Let G be a locally compact Hausdorff group that is always assumed to be second countable. We use the usual notation C c (G) and L 2 (G) for the set of compactly supported continuous functions on G and the Hilbert space associated with a fixed left invariant Haar measure on G. The * -algebra operations of C c (G) are defined as usual f * g(s) :
(G) and s ∈ G, where ∆ denotes the modular function of G and dt the left invariant Haar measure.
An action of G on M means a group homomorphism α :
where e denotes the neutral element of G. The fixed point algebra M α means the collection of all x ∈ M such that α s (x) = x for all s ∈ G. We next introduce the crossed product von Neumann algebra M ⋊ α G as follows. Suppose M is acting on a Hilbert space H. We define the operators π α (x) and λ α (s) on the tensor product Hilbert space
We can also write λ α (s) = 1 ⊗ λ(s) for s ∈ G, where λ denotes the left regular representation on L 2 (G). Then M ⋊ α G denotes the von Neumann algebra generated by π α (M) and
where ·, · denotes the dual coupling of G and G. By Takesaki duality, we have
for x ∈ M, s ∈ G and p ∈ G. As for the bidual action α, we have Γ α • α s = α s ⊗Ad ρ(s) for s ∈ G, where ρ denotes the right regular representation on L 2 (G).
Main result

Equicontinuous parts.
Readers are referred to [11, Chapter 3] . Note that basic results introduced there are concerned with R, but they also hold for a general locally compact Hausdorff groups.
Definition 3.1. Let α be an action of a locally compact Hausdorff group G on a von Neumann algebra M. A norm bounded sequence (x ν ), x ν ∈ M, is said to be (α, ω)-equicontinuous when the following holds: for every σ-strong* neighbourhood V of 0 ∈ M, there exist a neighbourhood U of the neutral element e ∈ G and A ∈ ω such that α s (x ν ) − x ν ∈ V for all s ∈ U and ν ∈ A.
Denote by
which we will call the equicontinuous parts of M ω and M ω , respectively. Note A useful tool to construct an equicontinuous sequence is to average a norm bounded sequence by L 1 -function. To be precise, we let f ∈ L 1 (G) and (
Note that the averaging and the ultraproduct of an equicontinuous sequence are commutative operations, that is, for
In particular, the set which consists of (α
α is actually nothing but M. This fact tells us that equicontinuous parts could be small. We need the following claim to show this: if a uniformly norm bounded net {f n } n∈I in M converges to 0 in the σ-weak topology, then the convolution g * f n converges to 0 compact uniformly for all g ∈ L 1 (G). Then for
It is trivial thatf n → 0 σ-weakly, and g * f n converges to 0 pointwise.
So, we have proved the claim.
Recall that M ω α has the σ-weakly total set which consists of (
Lemma 3.3. There exists a unique faithful normal conditional expectation E α from M ω onto M ω α such that for an arbitrary faithful normal semifinite weight ϕ on M, one has 
This equality implies that E M = E M • E α , and E α is unique.
Main results. The canonical embedding
Proof. Let (y ν ) be an ω-trivial sequence in M ⋊ α G with y ν ≤ 1 for all ν. It suffices to show that y ν π α (x ν )(ξ ⊗ f ) → 0 as ν → ω for ξ ∈ H and f ∈ C c (G) with compact support K ⊂ G.
Let ε > 0. Since (x ν ) is (α, ω)-equicontinuous, we can take W ∈ ω and a open neighborhood V of e ∈ G so that if t −1 s ∈ V , s, t ∈ K and ν ∈ W , then Let {h 1 , . . . , h N } be a partition of unity on K subordinate to the cover {s 1 V, . . . , s N V }. (See [15, Theorem 2.13].) Then for ν ∈ W , we obtain the following:
. Thus for all ν ∈ W , we have
In the last term, we know that (α s
the proof of [11, Lemma 2.8]. In particular, the last term converges to 0 in the strong topology as ν → ω. Hence the above inequality implies that
Thus we are done. 
) that is given in the proof of [11, Lemma2.8] . Note that the map Ψ is naturally defined so that for f, g ∈ L 2 (G) and
ω , where φ f,g denotes the normal functional ·f, g on B(L 2 (G)).
On the one hand, we have
On the other hand, using the equicontinuity (cf. [11, Lemma 3.15]), we have
Thus we are done.
We now prove the main result of this paper which strengthens [12, Theorem 1.10]. Note that a generalization of Example 3.2 to the crossed product for G being abelian. Theorem 3.6. Let α be an action of a second countable locally compact Hausdorff group G on a von Neumann algebra M with separable predual. Then the following statements hold:
(1) There exists a canonical embedding
′′ that is a von Neumann subalgebra of (M ⋊ α G) ω α . We will show that there exists a canonical isomorphism from M ω α ⋊ α ω G onto N. Let ϕ be a faithful normal semifinite weight on M and ψ the dual weight of ϕ on M ⋊ α G. It is obvious that ψ ω is semifinite on N since N contains M ⋊ α G.
where we note that the last term is well-defined from the proof of Lemma 3.3. This observation implies N is globally invariant under σ ψ ω . Thanks to Takesaki's theorem, we can take a faithful normal conditional expectation from (M ⋊ α G) ω onto N. In particular, the restriction of the modular conjugation J ψ ω on 
We claim that V extends to an isometry from
where h := g * * f . Let F be the support of h. Then for each ν ∈ N, we have
Using [11, Lemma 3.3], we know that
Hence it follows from the definition of the dual weight ψ the following:
again by the definition of the dual weight χ. Thus we have proved the existence of the isometry V .
We next claim that K, the image of V , is N ′ -invariant. For a σ ϕ ω -analytic y ∈ M ω α and t ∈ G, we obtain the followings for all f ∈ C c (G) and x ∈ M ω α :
This implies that Λ ψ ω (y) is contained in the closure of 
) that is introduced in the remark before Lemma 3.5. Then Ψ induces an isomorphism
). This fact can be directly proved or deduced from [11, Lemma 3.12] for general groups. In summary, we have the following diagram:
ω and f denotes the composition of all of them.
We will show f actually equals the identity map. This implies the surjectivity of Φ α ⊗ id in the diagram above, and we obtain Φ α (P ) = R ω β by taking the fixed point algebra of the dual action of
ω α⊗Ad ρ , and it turns out from Lemma 3.5 that f (π α ω (x)) = π α ω (x).
It would be interesting to generalize the previous theorem to a general locally compact Hausdorff group or quantum group by introducing the equicontinuity of their actions. ). The following result on a discrete crossed product decomposition is proved first by Ando-Haagerup in [1] . We will present another proof using Theorem 3.6. Theorem 4.2 (Ando-Haagerup). Let M be a type III λ factor with 0 ≤ λ < 1. Let M = N ⋊ θ Z be the discrete crossed product decomposition. Then the discrete crossed product decomposition of M ω is given by
Proof. It turns out from Theorem 3.6 that M A separable factor M is said to be full when M ω = C. The fullness of M has been studied by several researchers in terms of the continuous core. See references cited in [9, 18] . Also see [3] for recent progress in study of fullness. Among them, Marrakchi in [9] shows that N is full if and only if M is a full type III 1 factor with τ -invariant being the usual topology of R. The following theorem would suggest that the τ -invariant could measure how continuously θ ω is acting on N ω . Our proof is similar to that of [18, Lemma 3] . Proof. The "if" part is trivial from the previous lemma or [12, Corollary 1.9] . Suppose that M is full. Let p ∈ R be an element of the Arveson spectrum of θ ω on N ω,θ . By [11, Theorem 7.7] , we can take a unitary u ∈ N ω,θ such that θ ω t (u) = e ipt u for all t ∈ R. Let (u ν ) ∈ ℓ ∞ (N) be a unitary representing sequence of u. Then Ad π θ (u ν ) converges toθ p in Aut(M). The fullness of M implies the innerness ofθ p , and it turns out that p = 0. Namely, θ ω is trivial on N ω,θ , and the previous lemma implies N ω,θ = C. We would like to deduce this result by strengthening (4.1), but this approach has not been successful yet. Instead, let us present a short proof of the problem. Put R := M ′ ∩ M ω . Suppose R were non-trivial. Let ϕ be a faithful normal state on M. Since R ϕ ω = M ω = C, R would be a type III 1 factor. We claim that for any ε > 0, there exists δ > 0 such that if x ∈ R with x ≤ 1 satisfies xϕ ω − ϕ ω x (M ω ) * < δ, then x − ϕ ω (x) ϕ ω < ε. By usual diagonal argument, we can show this claim by contradiction. Readers are referred to [13, Chapter 5] for this. Also note that xϕ ω − ϕ ω x (M ω ) * = lim ν→ω x ν ϕ − ϕx ν for all x = (x ν ) ω ∈ M ω . For proof of this fact, see [1, Lemma 4.36] or [11, Lemma 9.3] . However, since R is a type III 1 factor, there exist many non-trivial norm bounded sequences (y k ) ∈ ℓ ∞ (R) such that y k ϕ ω − ϕ ω y k → 0 as k → ∞, and we have a contradiction. The last claim is implied by the fact that (R ω ) ψ ω is a type II 1 factor, where ψ := ϕ ω [1, Proposition 4.24].
